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We present a new parameterization for the equation of state (EoS) ωX = PX/ρX , which can reproduce
a f(R)-like evolution with a precision between [0.5% − 0.8%] over the numerical solutions. Also, our pro-
posal can render a variety of popular f(R) models that are considered as viable candidates for the cosmic
late time acceleration. By using observational data from baryonic acoustic oscillations, supernovae and cosmic
chronometers we investigate the constraints on the new EoS parameters. This proposal set a EoS formulation
which can be used in an efficient way and makes a good candidate to be implemented in a variety of surveys in
order to test the f(R) generic behaviour.
PACS numbers: 98.80.k 04.50.Kd, 95.36.+x 95.80.+p
INTRODUCTION
Currently, the Universe go through an accelerated ex-
pansion, different observations have proved such fact: Su-
pernovae Type Ia (SNIa) [1], Baryon Acoustic Oscilla-
tions (BAO) [2], Cosmic Microwave Background Radiation
(CMBR) anisotropies [3], Large Scale Structure formation [4]
and Weak Lensing [5]. Even more, future projects and surveys
[6] are underway or being proposed to discover the underlying
cause of this phenomena.
The current standard cosmological paradigm is the ΛCDM
model, where Λ is a constant term added to the Einstein-
Hilbert action. Such addition is performed in order to pro-
duce late time acceleration and even when there is no physi-
cal ground to justify Λ, making this model able to fit all the
current observations. However, some degrees of tension have
appeared among different data sets which has renewed the in-
terest on alternative models that can provide an acceleration
mechanism. For instance, the value for the matter density
fraction consistent with the Lyman-α forest measurement of
the baryon acoustic oscillations [7] is smaller than the one pre-
ferred by CMB measurements. Also, the value of H0 inferred
from the Planck CMB data [8] is 3.4 σ lower than the local
measurement reported by [9]. A promising new and indepen-
dent measurement of H0 will come from standard-siren mea-
surements from gravitational waves sources and provide more
information on the issue, although the tension linger with the
current measurement [11].
Using all current observational data, in [12] was recon-
structed the Dark Energy equation of state (EoS) obtaining
a distinctive shape that crosses multiple times the phantom di-
vide line. This kind of oscillating ωX can not be produced
with a single phantom or quintessence field [13] but it can be
produced by modified gravity.
Hereafter, we will focus our attention in f(R) gravity mod-
els. Their characteristic EoS [14] makes them an appealing
framework in order to reproduce the dynamical evolution of
ωX found in [12]. In regards to the tension issue, in modi-
fied gravity theories (e.g. Galileon) may reconcile the Planck
with high H0 values [15, 16], although known models have
problems with either cosmology [17] or gravitational waves
[18]. In this context, the resulting field equations are of fourth
order on the metric and behave like attractors; therefore their
implementation in the pipeline of surveys, or in N-body, and
Boltzmann codes requires many assumptions.
In this paper we present the construction of a new parame-
terization for the EoS in order to reproduce a variety of f(R)
models between [0.5% − 0.8%] of precision which can help
to test these models in a straightforward way. This parame-
terization can be used as a fiducial model in surveys with the
advantage that this one has a physical motivation in compar-
ison to some others like CPL [19, 20]. Future surveys like
Euclid [21] and DESI [22, 23] will play a fundamental role
in the understanding cosmic acceleration and will allow us to
test interesting models of gravity and dark energy.
f(R) COSMOLOGY, EQUATION OF STATE AND MODELS.
These theories of gravity take a general function of the
Ricci scalar in the Einstein-Hilbert action
S[gab,ψ] =
∫
f(R)
2κ
√−g d4x+ Smatt[gab,ψ] , (1)
where G = c = 1 and κ ≡ 8pi, Smatt[gab,ψ] is the usual
action for matter. f(R) is an arbitrary smooth function of the
Ricci scalar R. The field equations, associated to this action,
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2are given by:
fRRab − 1
2
fgab − (∇a∇b − gab) fR = κTab , (2)
where fR = ∂Rf ,  = gab∇a∇b and Tab is the energy-
momentum tensor for matter. They can be rewritten as:
Gab =
1
fR
[
fRR∇a∇bR+ fRRR(∇aR)(∇bR)
−gab
6
(
RfR + f + 2κT
)
+ κTab
]
, (3)
where Gab = Rab − gabR/2 is the Einstein tensor. In the
present work we are using the Ricci scalar approach to f(R)
proposed in [24] and then used in cosmology ([25, 26]).
We will consider a homogeneous, isotropic universe
described by the Friedman-Lemaıˆtre-Robertson-Walker
(FLRW) metric:
ds2 = −dt2 +a2(t)
[
dr2
1− kr2 + r
2
(
dθ2 + sin2 θdϕ2
)]
, (4)
with k = 0. The energy momentum tensor (EMT) is that for a
fluid composed by baryons, dark matter and radiation. Under
these assumptions, we will obtain a second order differential
equation for the Ricci scalar by taking the trace of (2) and the
modified Friedman equations from (3).
R¨ = −3HR˙− 1
3fRR
[
3fRRRR˙
2 + 2f − fRR+ κT
]
, (5)
H2 = − 1
fRR
[
fRRHR˙− 1
6
(RfR − f)
]
− κT
t
t
3fR
, (6)
H˙ = −H2 − 1
fR
[
fRRHR˙+
f
6
+
κT tt
3
]
, (7)
where H = a˙/a. The EoS 1 for the geometric dark energy in
f(R) is given by:
ωX =
3H2 − 3κP −R
3(3H2 − κρ) , (8)
where the Ricci scalar is given by R = 6(H˙ + 2H), P and
ρ are presure and density, respectively, of the matter and ra-
diation content. The models used in this work can provide an
accelerated evolution, with a ωX ≈ −1. In the case of (9)
and (10) such evolution goes asymptotically to the de Sitter
point (R(z→−1) > 0). In the case of (11) the future is asymp-
totically R(z→−1) = 0 with a transient but apparently long
enough accelerated epoch.
Some of the most successful f(R) models in cosmology
are:
1 This choice is obtained by defining TXab = T
tot
ab − Tab where TXab is the
energy momentum tensor (EMT) associate with the geometric dark energy
in f(R), T totab is the total EMT and Tab is the EMT associated to the
matter lagrangian. This choice of the EoS has no degeneracies (see [30]
for a discussion about the EoS in f(R))
f(R) model ΩM (z = 0) Parameter values
0.20 c2 = 2.78× 10−5
Hu-Sawicki 0.25 c2 = 7.98× 10−5
0.30 c2 = 1.95× 10−4
0.20 λ = 1.15, RS = 1
Starobinsky 2007 0.25 λ = 1.0, RS = 1
0.30 λ = 0.9, RS = 1
0.20 β = 0.5, R∗ = 5
Exponential 0.25 β = 0.8, R∗ = 5
0.30 β = 0.6, R∗ = 6
TABLE I. First column: f(R) model, second column: Ω0m and third
column value of the parameters for each model. For the Hu-Sawicki
model we have computed, for the three cases, the values for c2 by
taking RHS = 1 and f0R = 0.01 and the corresponding Ω
0
m value,
c1 will be given by c1 = c26(1 − Ω0m)/Ω0m (see [27] for a detailed
explanation). For the Starobinsky model we have taken n = 2 for
the three cases.
a) Hu & Sawicki model 2 [27]
f(R) = R−RHS
c1
(
R
RHS
)n
c2
(
R
RHS
)n
+ 1
, (9)
b) Starobinsky model [28]
f(R) = R+ λRS
[(
1 +
R2
R2S
)−q
− 1
]
, (10)
c) The exponential model [29]
f(R) = R+ βR∗(1− e−R/R∗). (11)
All the parameters involved in these functions should be con-
strained according to observations. In order to perform such
tests we need to integrate the field equations from the past to
the future and, given the attractor behaviour of this kind of
gravity, its implementation into Boltzmann codes for alterna-
tive models [31] or surveys is complex.
PARAMETRIC EOS FOR f(R).
Parameterizations of the EoS, for the accelerating mecha-
nism in the universe containing two [32] or more parameters
have been proposed in the literature, either inspired by the
behaviour of scalar-field dynamics [33] or motivated by the
tomographic reconstruction of BAO data [34]. As we men-
tioned, the results shown in [12] leads to an Universe with a
dynamical and no monotonic dark energy. If this result pre-
vails using future surveys, such dynamics will involve an os-
cillating EoS for the accelerating mechanism.
2 In the Hu-Sawicki model the parameters c1 and c2 are related with f0R and
Ω0M according as is explained in [27]
3In order to provide a useful way to implement a f(R)-
like cosmology in observational tests, surveys or Boltzmann
codes, we build a new parameterization involving four param-
eters. This parameterization is based on the numerical results
coming from the integration of the field equations in f(R).
The numerical integration is performed by using a fourth
order Runge-Kutta integrator. Initial conditions are fixed in
the past at some value of z where ΩM (z) is very close to 1, the
value of the EoS for the geometric dark energy is ωX = −1 at
this value of redshift. The Hamiltonian constrains imposed by
H2 in (6) is used as an internal test in the code (see [30] for
a detailed revision about the implementation in cosmology).
We perform the numerical integration for the three models
(9) − (11) presented in the previous section. The values for
the parameters of each f(R) model are listed in table ( I) as
well as the value of ΩM (z = 0).
By integrating the filed equations we will obtain the evolu-
tion for R and H and also H˙ , this is the information we need
to compute the equation of state ωX given by (8). According
to this, our proposal for a parametric EoS in f(R) is given by
the following function
ω(z) = −1 + w0
1 + w1zw2
cos(w3 + z). (12)
where ωi are free parameters and z is the standard redshift
given by z = a0/a−1. We notice that (12) has a present value
given by w(z = 0) = w0cos(w3) − 1, recovers ωX = −1 at
large redshifts and allows oscillations in the range of inter-
est for observations and future surveys. We use Mathematica
software in order to fit the cosmological parameters. It should
be noted that this ensamble use the LevenbergMarquardt al-
gorithm by default, but also allows to choose among several
other algorithms for function minimization, which in our case
we got a fit precision of 10−10.
Figures [1-3] shows the evolution for the models (9)− (11)
and the best fit for each one of them by using our proposal
(12). The evolution can be recovered for (9) and (10) within
a 0.5% while for (11) fits are within a 0.8% precision. These
are reasonable values where current and future experiments
can set a cut off over the cosmological parameters, e.g. for
BOSS (BGS) and BOSS [35] we have an enough statistical
significance for the JJE parameterisation at 1% below z = 1.
Between z = 1 and z = 2, eBOSS and EUCLID would be
within 1% accuracy for JJE [23].
JJE IMPLEMENTATION TO OBSERVATIONAL DATA.
Given that we are interested in modelling the late-time evo-
lution of the universe we use observational data from BAO
redshift surveys, SNeIA luminous distance from Union 2.1
[36] and the latest high-z measurements of H(z) from Cos-
mic Chronometers [37].
We use measurements of the BAO peak from the galaxy
redshift surveys six-degree-field galaxy survey (6dFGS [38]),
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FIG. 1. Upper frame: Geometric dark energy equation of state for
the Hu-Sawicki model (9) with different values of Ω0m. Solid lines
represent the numerical integration of the field equations and their
reconstruction (in dashed lines) comes from the best fit by using (12)
(JJE parameterization). a) Black is for Ω0m = 0.20, b) Red is for
Ω0m = 0.25 and c) Blue is for Ω0m = 0.30. Best fit parameters
are shown in the plot for each case. Bottom frame: Evolution of
the ratio parameterized ωX,param and numerical EoS ωX , values
remains within 0.5%.
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FIG. 2. Upper frame: Same as figure [1] for the Starobinsky model
(10). Bottom frame: Same as bottom frame in [1]
Sloan Digital Sky Survey Data Release 7 (SDSS DR7 [39])
and the reconstructed value (SDSS(R) [40]), as well as the
latest result from the complete BOSS sample SDSS DR12
([10]), and also from the Lyman-α Forest measurements from
the Baryon Oscillation Spectroscopic Data Release 11 (BOSS
DR11 [41], [7]). Since the volume surveyed by BOSS and
WiggleZ [42] partially overlap we do not use data from the
latter in this work (see details in [43]). Even though the cur-
rent supernovae compilation is given by the JLA sample [44],
in this work we implement the Union 2.1 sample since the ap-
parent magnitude ratio is less than 0.2% in the redshift range
of our interest (above z = 1) in comparison to the JLA sam-
ple.
In addition to the free parameters in (12) we vary the frac-
tional amount of matter ΩM and the value of H0, by means
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Ωm = 0.30 
w0 = 0.384, w1 = 0.000014, w2 = 11.370, w3 = 0.684
0 0.5 1 1.5 2 2.5 3 3.5 4
z
0.99
1
1.01
w
p
a
ra
m
x
/w
x
(z
)
FIG. 3. Upper frame: Same as figure [1] for the Exponential model
(11). Bottom frame: Same as bottom frame in [1] but, in this case,
best fits are within 1%
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FIG. 4. Constraints on the ΩM -h space for the JJE parametrization
(12).
of a standard χ2 approach we find the constraints at 1 and 2-σ
level.
In Figures (4) and (5) we notice that the constraints on
ΩM -h parameter space are tighter for ΛCDM scenario in
comparison with the JJE parameterisation. As for the con-
tours at 1-σ from the different datasets it is noticeable that
they do overlap for the JJE parameterisation while a tension
with ∆χ2reduced (SN-BAO) = 0.961 and ∆χ
2
reduced (CC-BAO) =
0.348 is present among the BAO and supernovae results when
ΛCDM is assumed.
To compare our JJE model with ΛCDM we use the combi-
nation of the three different datasets (SN+BAO+CC) and cal-
culate the corresponding reduced-χ2 estimator by taking into
account the different number of degrees of freedom among the
two models. From the obtained values we find that JJE param-
eterisation and ΛCDM are consistent showing a difference of
∆χ2reduced(JJE−ΛCDM) = 0.5%.
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FIG. 5. Constraints on the ΩM -h space for ΛCDM model.
DISCUSSION.
The scientific community is devoting a large amount of time
and resources in the quest to understand the dynamics and na-
ture of dark energy, working on current (SDSS-IV [45], DES
[46]) and future (DESI [22, 23], Euclid [21], LSST [47]) ex-
periments to study with very high precision the expansion his-
tory of the universe and thus be able to test interesting theo-
retical models. In the process of analyzing data coming, for
instance, from galaxy redshift surveys, a cosmological model
is used throughout the pipeline ([48]). Also, analysis of the
CPL parameterisation using forecast for the eBOSS has been
done in [49] to convert observed positions of the objects into
coordinates.
Therefore, to implement in an easy and efficient way mod-
ified gravity theories in any kind of survey, we proposed the
JJE parameterisation (12). Similarly, in future forecast analy-
sis ([50]) a cosmological model will be needed to investigate
the parameter constraints in modified gravity theories.
With the presented proposal we aim to put theoretical back-
ground to parameterizations of ωX and also models for f(R)
gravity at the same level as other parameterisations into the
pipeline and analysis of observational data and forecasts.
It is worth to mention that by introducing this parameterisa-
tion in surveys or using it for data analysis we are avoiding any
other kind of assumption that are usually taken in f(R). One
of the most usual assumptions is the one related to the value
of fR(z = 0) 3 which is taken very close to 1 because of the
Solar System constrains [27] or the structure formation [29].
Nevertheless it is important to notice this constrictions are
usually computed for the Hu-Sawicki model and such val-
ues do not necessarily apply to other models. By using the
JJE parametrization we are making no assumption whatsoever
over such values.
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